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MAT202 - Introduction to Analysis
(Pengantar Analysis)
Duration : 3 hours
(Masa : 3 jam)
Please check that this examination paper consists of SIX (6) pages of printed material
before you begin the examination.
[Sila pastikan bahawa kertas peperiksaan ini mengandungi ENAM (6) muka surat
yang bercetak sebelum anda memulakan peperiksaan ini.]
Instructions: Answer all FOUR (4) questions.
[Arahan: Jawab semua EMPAT (4) soalan.]
In the event of any discrepancies, the English version shall be used.
[Sekiranya terdapat sebarang percanggahan pada soalan peperiksaan, versi Bahasa







(a) If x≤ y+ ε for each positive real number ε , show that x≤ y.
(b) (i) Give the definitions of the supremum (least upper bound) and the infimum (great-
est lower bound) of a nonempty set.
(ii) Find the supremum and infimum, if exist, for the set S = {x ∈ R : 9x+5 < 2x2}.
(c) (i) State the Density Theorem for rational numbers.
(ii) Suppose that a ∈ R and S = {q ∈Q : q < a}. Show that sup(S) = a.
(d) (i) Explain what is meant by an infinite set of real numbers.
(ii) Show that any infinite set of real numbers always has a countably infinite subset.
[ 100 marks ]
Soalan 1
(a) Jika x≤ y+ ε untuk sebarang nombor nyata positif ε , tunjukkan bahawa x≤ y.
(b) (i) Beri takrif untuk supremum (batas atas terkecil) dan infimum (batas bawah terbe-
sar) untuk suatu set tak kosong.
(ii) Cari supremum dan infimum, jika wujud, untuk set S = {x ∈ R : 9x+5 < 2x2}.
(c) (i) Nyatakan Teorem Ketumpatan untuk nombor nisbah.
(ii) Andaikan a ∈ R dan S = {q ∈Q : q < a}. Tunjukkan bahawa sup(S) = a.
(d) (i) Terangkan apa maksud set nombor nyata yang tak terhingga.
(ii) Tunjukkan bahawa sebarang set nombor nyata yang tak terhingga sentiasa mem-
punyai satu subset tak terhingga yang terbilangkan.
[ 100 markah ]
Question 2
(a) Prove that any convergent sequence is bounded. Is the converse true? If yes, prove it.






(b) Suppose x1 = 3, and xn+1 = 3− 2xn for n≥ 1.
(i) Show that xn ≥ 2 for all n ∈ N.
(ii) Determine whether the sequence {xn} is increasing or decreasing.
(iii) Does lim
n→∞xn exist? Give your reason. If the limit exists, find its value.
(c) Let A = [(−10,0]∪ (5,7)]∩Q.
(i) Find the interior points of A.
(ii) Find the limit points of A.
(iii) Find the isolated points of A.
(iv) Find the boundary points of A.
(v) Determine whether the set A is closed or open.
(vi) Determine whether the set A is compact.
[ 100 marks ]
Soalan 2
(a) Buktikan bahawa setiap jujukan menumpu adalah terbatas. Adakah akasnya benar?
Jika benar, buktikan. Jika tidak, beri satu contoh penyangkal.
(b) Andaikan x1 = 3, dan xn+1 = 3− 2xn untuk n≥ 1.
(i) Tunjukkan bahawa xn ≥ 2 untuk semua n ∈ N.
(ii) Tunjukkan sama ada jujukan {xn} menokok atau menyusut.
(iii) Adakah lim
n→∞xn wujud? Berikan alasan. Jika had ini wujud, cari nilainya.
(c) Biarkan set A = [(−10,0]∪ (5,7)]∩Q.
(i) Cari titik pedalaman bagi set A.
(ii) Cari titik had bagi set A.
(iii) Cari titik terpencil bagi set A.






(v) Tentukan sama ada A terbuka atau tertutup.
(vi) Tentukan sama ada A padat.
[ 100 markah ]
Question 3
(a) Find a collection of compact sets {Kn : n ∈ N} whose union
∞⋃
n=1
Kn is not compact.
(b) Prove that the intersection of any collection of compact sets in R is also compact.
(c) Let { fn} be a bounded sequence of functions on a set A that converges to a function
f on A. Define Rn = sup
x∈A
| fn(x)− f (x)|. Show that if lim
n→∞Rn = 0, { fn} converges
uniformly to f on A.
(d) Let { fn} be a sequence of functions, given by
fn(x) = xn, n ∈ N, x ∈ [0,1].
(i) Find lim
n→∞ fn(x), if exists.
(ii) Show that the sequence { fn} converges uniformly on [0,a] for any number





xndx, for any number 0≤ a < 1.
[ 100 marks ]
Soalan 3




(b) Buktikan bahawa persilangan sebarang himpunan set padat pada R adalah juga pa-
dat.
(c) Biarkan { fn} suatu jujukan fungsi yang terbatas pada set A yang menumpu kepada
suatu fungsi f pada A. Takrifkan Rn = sup
x∈A
| fn(x)− f (x)|. Tunjukkan bahawa jika
lim






(d) Biarkan { fn} suatu jujukan fungsi, ditakrifkan sebagai
fn(x) = xn, n ∈ N, x ∈ [0,1].
(i) Cari lim
n→∞ fn(x), jika wujud.
(ii) Tunjukkan bahawa jujukan fungsi { fn} menumpu secara seragam pada [0,a]






xndx, untuk sebarang nombor 0≤ a < 1.
[ 100 markah ]
Question 4
(a) If a function f is continuous at a, is it differentiable at a? If yes, prove it. If not, give
a counterexample.
(b) A function f : R→ R is called even if f (−x) = f (x), x ∈ R and is called odd if
f (−x) =− f (x), x ∈ R. If f is differentiable on R and is an even function, show that
f ′ is odd.
(c) Suppose that the function f : R→ R satisfy the following condition:
f (a+b) = f (a) f (b), for all a,b ∈ R.
(i) Prove that f (0) = 1.
(ii) If f is differentiable at 0, show that f is differentiable at all x ∈ R and
f ′(x) = f ′(0) f (x).
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of the interval [0,1],







Use 13+23+ · · ·+m3 = (12m(m+1))2.)
[ 100 marks ]
Soalan 4
(a) Jika fungsi f selanjar pada a, adakah f terbezakan pada a? Jika benar, buktikan.






(b) Fungsi f : R→ R disebut sebagai genap jika f (−x) = f (x), x ∈ R, dan disebut se-
bagai ganjil jika f (−x) = − f (x), x ∈ R. Jika f terbezakan pada R dan merupakan
fungsi genap, tunjukkan bahawa f ′ adalah ganjil.
(c) Andaikan fungsi f : R→ R memenuhi syarat berikut:
f (a+b) = f (a) f (b), untuk semua a,b ∈ R.
(i) Buktikan bahawa f (0) = 1.
(ii) Jika f terbezakan pada 0, tunjukkan bahawa f terbezakan pada setiap x∈R dan
f ′(x) = f ′(0) f (x).
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, petak pada selang [0,1] cari







Gunakan 13+23+ · · ·+m3 = (12m(m+1))2.)
[ 100 markah ]
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